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A CHARACTERIZATION OF ORDINARY ABELIAN VARIETIES
BY THE FROBENIUS PUSH-FORWARD
OF THE STRUCTURE SHEAF II
SHO EJIRI AND AKIYOSHI SANNAI
Abstract. In this paper, we prove that a smooth projective variety X of char-
acteristic p > 0 is an ordinary abelian variety if and only if KX is pseudo-effective
and F e
∗
OX splits into a direct sum of line bundles for an integer e with pe > 2.
1. Introduction
We fix an algebraically closed field k of characteristic p > 0 and consider a pro-
jective variety X over k. The OX -module structure of the push-forward F∗OX of
the structure sheaf OX along the Frobenius map F on X tells us much information
aboutX . Kunz proved that the smoothness ofX is equivalent to the local freeness of
F∗OX [6]. Mehta and Ramanathan showed that an F -split variety, a variety X with
splitting of the natural morphism OX → F∗OX , has some pleasant properties [8]. It
is also known that, in some low-dimensional cases, the direct summands of F∗OX
generate the bounded derived category of X [3, 10]. The second author and Tanaka
found the following characterization of ordinary abelian varieties:
Theorem 1.1 ([11, Theorem 1.1]). Let X be a smooth projective variety over an
algebraically closed field of characteristic p > 0. Then X is an ordinary abelian
variety if and only if the following two conditions hold:
• F e∗OX is isomorphic to a direct sum of line bundles for infinitely many e > 0.
• KX is pseudo-effective.
It is natural to ask whether we can characterize ordinary abelian varieties by using
only F∗OX . The answer is no. Indeed, as described in Section 6, a non-abelian
smooth projective surface S of characteristic 2, which is called Igusa surface, has
the property that KS is trivial and F∗OS splits into a direct sum of line bundles.
However, we still have the same characterization by using only F e∗OX for e = 1 or
2. The main theorem of this paper is the following:
Theorem 1.2. Let X be a smooth projective variety over an algebraically closed
field of characteristic p > 2 (resp. p > 0). Then X is an ordinary abelian variety if
and only if the following conditions hold:
• F∗OX (resp. F 2∗OX) is isomorphic to a direct sum of line bundles.
• KX is pseudo-effective.
In order to compare with the proof of this theorem, we briefly recall that of Theo-
rem 1.1. We first show that each direct summand of F e∗OX is a p
e-torsion line bundle.
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Using these line bundles, we study the Albanese map aX of X . The assumption of
infiniteness of e ensures that the pe-torsion line bundles are algebraically equivalent
to zero. From this we obtain that aX is generically finite, and then show that it is
an isomorphism.
In the proof of Theorem 1.2, we also obtain p-torsion line bundles in the same
way as above, but we use them to study the cotangent bundle Ω1X of X . We then
obtain the following:
Theorem 1.3. Let X be a smooth projective variety over an algebraically closed
field of characteristic p > 0. Assume that the following conditions hold:
• F∗OX is isomorphic to a direct sum of line bundles.
• KX is pseudo-effective.
Then Ω1X is trivial.
The key to the proof of this theorem is to associate a p-torsion line bundle with
a logarithmic 1-form. Let L be a divisor on X with pL ∼ 0 and g be a rational
function satisfying (g) = pL. Then, by local calculation, we see that dg/g is a global
1-form. We show that such global 1-forms generate Ω1X and form a basis of Ω
1
K(X)/k,
which means that Ω1X is trivial.
We conclude the introduction with an outline of the proof of Theorem 1.2. Let
X be a non-abelian smooth projective variety with the property that KX is pseudo-
effective and F e∗OX is a direct sum of line bundles. As mentioned in Remark 3.3,
F∗OX is also a direct sum of line bundles, so Ω1X is trivial by Theorem 1.3. Then,
we can use a result of Mehta and Srinivas (Theorem 5.1), and obtain an ordinary
abelian variety A and a Galois e´tale morphism pi : A→ X whose Galois group G is
of order a power of p. By Lemma 5.3, we see that each pe-torsion line bundle L on
A comes from X , so the action of G preserves L. Hence, by Proposition 5.4, we can
deduce pe = 2.
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2. Notation
Throughout this paper, we fix an algebraically closed field k of characteristic
p > 0. By a variety we mean an integral separated scheme of finite type over k. For
a variety X , we denote by FX : X → X the absolute Frobenius map of X . If there
is no ambiguity, we write F instead of FX . Let m > 0 be an integer. A line bundle
L on X is said to be m-torsion if Lm ∼= OX . A Cartier divisor D on X is said to be
m-torsion if OX(D) is m-torsion. Let ϕ : S → T be a morphism between schemes.
We denote by Pic(T )[ϕ] the kernel of the induced morphism ϕ∗ : Pic(T )→ Pic(S).
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Note that Pic(T )[F eT ] forms the group of p
e-torsion line bundles on T . We often
denote it by Pic(T )[pe].
3. Line bundles trivialized by pullbacks
Let pi : X → Y be a surjective finite morphism of varieties. We first consider
relationships between Pic(Y )[pi] and the structure of pi∗OX .
Lemma 3.1. Let pi : X → Y be a finite morphism between projective varieties such
that the natural morphism OY → pi∗OX is injective and splits. Then #Pic(Y )[pi] ≤
deg pi. Furthermore, if the equality holds then pi∗OX is isomorphic to the direct sum
of all elements in Pic(Y )[pi].
Proof. For every L ∈ Pic(Y )[pi], by the projection formula, we have a morphism
L ∼= L ⊗OY → L⊗ pi∗OX ∼= pi∗pi
∗L ∼= pi∗OX
that is injective and splits. Hence, we see that
⊕
L∈Pic(Y )[pi] L is a direct summand
of pi∗OX by the Krull–Schmidt theorem [1], so #Pic(Y )[pi] ≤ rank pi∗OX = deg pi. If
the equality holds, then (pi∗OX)/(
⊕
L∈Pic(Y )[pi]L) is a torsion OX -submodule of the
torsion free OX -module pi∗OX , so it is zero. This is our assertion. 
Proposition 3.2 ([11, Lemmas 3.2, 3.3 and 4.4]). Let X be a smooth projective
variety with pseudo-effective KX and e be a positive integer. Then the following are
equivalent:
(i) F e∗OX is isomorphic to a direct sum of line bundles.
(ii) X is F -split and the number of pe-torsion line bundles is equal to pedimX .
Proof. The implication (i)⇒(ii) (resp. (ii)⇒(i)) follows from [11, Lemmas 3.2 and
4.4] (resp. [11, Lemma 3.3]). Note that degF e = pedimX . 
Remark 3.3. Let X be a smooth projective variety with pseudo-effective KX . By
Proposition 3.2, we see that if F e∗OX is a direct sum of line bundles for some e > 0,
then so is F d∗OX for each 0 < d ≤ e.
For a smooth variety X , we denote the kernel and the image of the OX -morphism
d : F∗Ω
i
X → F∗Ω
i+1
X by Z
i
X and B
i+1
X , respectively. By the Cartier isomorphism, we
then have
0→ BiX → Z
i
X
C
−→ ΩiX → 0.
Proposition 3.4 ([12, Proposition 4.3]). Let X be a smooth complete variety for
which all global 1-forms are closed and such that C gives a bijection
H0(X,Z1X)→ H
0(X,Ω1X).
Then there exists an isomorphism
H0(X,Ω1X)
∼=
−→ Pic(X)[p]⊗Z k.
Proof. We refer the proof of [12, Proposition 4.3]. 
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Note that the assumptions of the proposition are satisfied when X is F -split.
Indeed, by the split exact sequence
0→ OX → F∗OX
d
−→ B1X → 0,
we have Hj(X,B1X) = 0 for each j ≥ 0. Hence, by the exact sequence just be-
fore the proposition, we see that H0(X,Z1X)
C
−→ H0(X,Ω1X) is an isomorphism. In
particular, dimH0(X,Z1X) = dimH
0(X,Ω1X). The natural injection H
0(X,Z1X) →
H0(X,F∗Ω
1
X) is then an isomorphism.
4. Triviality of tangent bundles and p-torsion line bundles
In this section, we investigate the relationship between p-torsion line bundles on
a projective variety and the triviality of the tangent bundle.
Let X be a normal projective variety and J = {L1, . . . , Ln} be a set of p-torsion
Cartier divisors on X . We define the finite morphism σJ : XJ → X associated
with J as follows. Let g1, . . . , gn be rational functions of X such that pLi = (gi)
for each i, where (gi) is the divisor of gi. We then take the normalization XJ of
X in K(X)(gp
−1
1 , . . . , g
p−1
n ), and σJ : XJ → X denotes the natural morphism. It is
easily seen that deg σJ ≤ pn. Furthermore, by the construction, we have a morphism
τJ : X → XJ satisfying FX = σJ ◦ τJ : X → XJ → X . This induces
Pic(X)[σJ ] ⊆ Pic(X)[FX ] = Pic(X)[p].
Lemma 4.1. With notation as above, assume that OX(L1), . . . ,OX(Ln) are linearly
independent in the Fp-vector space Pic(X)[p]. Then they form a basis of the Fp-vector
space Pic(X)[σJ ].
Proof. Set dJ := deg σJ and νJ := #Pic(X)[σJ ]. By the construction of σJ , we have
σJ
∗Li = σJ
∗ (gi)
p
=
(σJ
∗gi)
p
=
((gp
−1
i )
p)
p
= (gp
−1
i ),
and therefore σJ
∗Li ∼ 0 for each Li. This implies that
p#J = #{OX(
∑
mjLj)|0 ≤ mj < p} ≤ νJ .
Since FX = σJ ◦ τJ as mentioned above, we have the homomorphism
OX → σJ∗OXJ → FX∗OX .
The F -splitting of X then induces a slitting of OX → σJ ∗OXJ , so νJ ≤ dJ as shown
in Lemma 3.1. Since dJ ≤ p#J , we deduce that νJ = p#J , which implies that
Pic(X)[σJ ] is generated by OX(L1), . . . ,OX(Ln) as an Fp-vector space. 
Proof of Theorem 1.3. Set n := dimX . By Proposition 3.2, we see that X is F -
split and #Pic(X)[p] = pn. Let I = {L1, . . . , Ln} be a set of p-torsion divisors such
that OX(L1), . . . ,OX(Ln) form a Fp-basis of Pic(X)[p]. Let g1, . . . , gn be rational
functions of X such that pLi = (gi) for each i. Then, by a local calculation, we
obtain that dgi/gi ∈ H0(X,Ω1X). We show that dg1/g1, . . . , dgn/gn form a basis of
K(X)-vector space (Ω1X)η
∼= Ω1K(X)/k, where η is the generic point of X . Suppose
that there exists J ⊆ I and Li ∈ I \ J such that dgi/gi =
∑
Lj∈J
ajdgj/gj for some
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aj ∈ K(X). Since there exists the p-th root of σJ
∗gj in K(XJ) for each Lj ∈ J , we
see that
d(σJ
∗gi)
σJ ∗gi
= σJ
∗dgi
gi
= σJ
∗
∑
Lj∈J
ajdgj
gj
=
∑
Lj∈J
(σJ
∗aj)d(σJ
∗gj)
σJ∗gj
= 0.
Thus, d(σJ
∗gi) = 0, or equivalently, there exists the p-th root of σJ
∗gi in K(XJ).
Hence, σJ
∗Li ∼ 0, which contradicts Lemma 4.1. Let ϕ :
⊕
1≤i≤nOX → Ω
1
X be
the morphism induced by dg1/g1, . . . , dgn/gn. Taking the determinants, we obtain
the morphism det(ϕ) : OX → ωX which is an isomorphism over η, particularly it
is injective. Since ωX is numerically trivial, we see that det(ϕ) is an isomorphism,
which implies that ϕ is also an isomorphism. This proves our assertion. 
Remark 4.2. By Propositions 3.2 and 3.4, we see that the converse of Theorem 1.3
holds when X is F -split.
5. Characterization of ordinary abelian varieties
The aim of this section it to prove Theorem 1.2. We first recall a result of Mehta
and Srinivas.
Theorem 5.1 ([9, Theorem 1]). Let X be a smooth projective F -split variety with
trivial tangent bundle. Then there exists a Galois covering pi : A→ X of degree pm
for an integer m > 0 from an ordinary abelian variety A.
Remark 5.2. In the original statement of [9, Theorem 1], X is assumed to be or-
dinary. As shown in [9, Lemma (1.1)], the ordinarity of X is equivalent to the
F -splitting of X , under the assumption that the tangent bundle of X is trivial.
The next lemma shows that pi : A→ X in Theorem 5.1 induces an isomorphism
between the group of p-torsion line bundles on A and that of X .
Lemma 5.3. Let e > 0 be an integer. Let pi : X → Y be an e´tale morphism between
smooth projective varieties. Assume that Y satisfies the following conditions:
• F eY ∗OY is isomorphic to a direct sum of line bundles.
• KY is pseudo-effective.
Then the induced homomorphism pi∗ : Pic(Y )[pe]→ Pic(X)[pe] is an isomorphism.
Proof. Since pi is e´tale, we have pi∗F eY ∗OY
∼= F eX∗pi
∗OY ∼= F
e
X∗OX , and hence X
satisfies the same conditions as Y . Note that KX ∼ pi∗KY , so KX is also pseudo-
effective. By [11, Lemma 3.3 (1)], we see that F eX∗OX and F
e
Y ∗OY are respectively
the direct sum of all pe-torsion line bundles on X and Y . Then, we get the surjec-
tivity of pi∗ : Pic(Y )[pe]→ Pic(X)[pe]. The injectivity follows from [11, Lemma 3.3
(2)]. 
The following is the key proposition in the proof of Theorem 1.2.
Proposition 5.4. Let A be an ordinary abelian variety and σ : A → A be an
isomorphism such that σp
d
is a translation for a positive integer d, but σp
(d−1)
is not
a translation. Let e be a positive integer. Assume that σ∗K ∼= K for each pe-torsion
line bundle K on A. Then pe = pd = 2.
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We note that if p = 2 and σ = (−1)A, then σ
p = 1A and σ
∗K ∼= K−1 ∼= K for each
p-torsion line bundle K.
Proof. We denote by ta the translation on A by a. Then, ta
∗L ∼= L for every
L ∈ Pic0(X). Set a := σ(0) and ρ := t−a ◦ σ. Then, ρ is a nontrivial automorphism
of abelian varieties, and for some a′ ∈ A,
ta′ = σ
pd = (ta ◦ ρ)
pd = ta ◦ tρ(a) ◦ · · · ◦ tρpd−1(a) ◦ ρ
pd = t
a+ρ(a)+···+ρpd−1(a)
◦ ρp
d
.
Hence, a′ = a + ρ(a) + · · · + ρp
d−1(a) and ρp
d
= idA. Replacing σ by ρ, we may
assume that σ is an automorphism of order pd of abelian varieties.
We show e = 1. Let B be an abelian subvariety of A defined as the image of
1A − σp
d−1
. Then, σ induces an automorphism τ := σ|B on B. By the choice of B,
we see that f(σ)|B = f(τ) for every f(T ) ∈ Z[T ]. Since (
∑p−1
i=0 (σ
pd−1)i)(1A−σp
d−1
) =
(1A− (σp
d−1
)p) = 0A, we have
∑p−1
i=0 (τ
pd−1)i = (
∑p−1
i=0 (σ
pd−1)i)|B = 0B. Therefore, for
each line bundle M on B satisfying τ ∗M∼=M, we obtain
Mp ∼=
p−1⊗
i=0
((τ p
d−1
)i)∗M∼= (
p−1∑
i=0
(τ p
d−1
)i)∗M∼= (0B)
∗M∼= OB.
We can take a torsion line bundle L of order p2 on A such that L|B is also of order
p2. Indeed, by the natural surjection F 2A∗OA ։ F
2
B∗OB, we obtain
⊕
L∈Pic(A)[p2]
L|B ∼= (F
2
A∗OA)|B ։ F
2
B∗OB
∼=
⊕
M∈Pic(B)[p2]
M.
This implies that the natural homomorphism Pic(A)[p2]→ Pic(B)[p2] is surjective,
because any nonzero homomorphism between numerically trivial line bundles on a
projective variety is an isomorphism. Note that since B is a nontrivial ordinary
abelian variety, there exists a torsion line bundle of order p2 on B. Since L|pB ≇ OB,
we have τ ∗(L|B) ≇ L|B, and so σ∗L ≇ L. Hence, by the assumption, we see that L
is not pe-torsion, and thus e = 1.
Next, we show d = 1. Let L be a p2-torsion line bundle on A. Since Lp is
p-torsion, we have σ∗Lp ∼= Lp by the assumption. Set N := σ∗L ⊗ L−1. Then,
N p ∼= σ∗Lp ⊗ L−p ∼= Lp ⊗ L−p ∼= OA, so σ∗N ∼= N . From this, we obtain that for
each i ≥ 0,
(σi)∗L ∼= (σi−1)∗(L ⊗N ) ∼= ((σi−1)∗L)⊗N ∼= · · · ∼= L ⊗N i.
Therefore, we have (σp)∗L ∼= L for every p2-torsion line bundle L. Thus, by the above
argument, we see that σp does not satisfy the assumption on σ in the proposition.
This means that σp = 0A, and so d = 1.
We finally show that p = 2. As shown before, we can take a torsion line bundle
L on A of order p2 such that M := L|B is also of order p2. Set N := σ∗L ⊗ L−1.
We then see that N p ∼= OA and (σi)∗L ∼= L ⊗N i for each i ≥ 0 as above, so
(
p−1∑
i=0
σi)∗L ∼=
p−1⊗
i=0
(σi)∗L ∼=
p−1⊗
i=0
(L⊗N i) = Lp ⊗N p(p−1)/2.
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Restricting the isomorphism to B, we obtain (
∑p−1
i=0 τ
i)∗M ∼= Mp ⊗ (N p(p−1)/2)|B.
Since
∑p−1
i=0 τ
i = 0B, we see that the left hand side is trivial, so (N p(p−1)/2)|B ∼=
M−p ≇ OB. This implies that p(p − 1)/2 is not divisible by p, so p = 2, which
concludes the proof. 
Proof of Theorem 1.2. For an ordinary abelian variety A, we have #Pic(A)[pe] =
pe dimX for each e > 0, and hence the “only if” part follows from Proposition 3.2.
We show the “if” part. Let e > 0 be an integer such that F e∗OX is a direct sum of
line bundles. Note that F∗OX is also a direct sum of line bundles, as mentioned in
Remark 3.3. By Theorem 1.3, we see that Ω1X is trivial. Then, by Theorem 5.1, we
obtain an ordinary abelian variety A and a Galois e´tale cover pi : A→ X of degree
pm for an integer m > 0. Let G be the group of automorphisms σ : A → A of A
with pi ◦ σ = pi. Note that #G = pm. Take a σ ∈ G. Let d ≥ 0 be the minimum
integer such that σp
d
is a translation. By Lemma 5.3, we have σ∗L ∼= L for each
L ∈ Pic(A)[pe]. If d > 0, then we obtain pe = pd = 2 by Proposition 5.4, which
contradicts the assumption. Hence, every σ ∈ G is a translation. Since G acts freely
on A, G can be viewed as a subgroup of A, so the quotient A/G ∼= X is also an
abelian variety (see, for example, [13, (4.40)]). 
Remark 5.5. We assume that F∗OX is a direct sum of line bundles, KX is pseudo-
effective, and p = 2. By the same argument as above, we can show that σp is a
translation for each σ ∈ G. Hence, the set of translations N in G forms a normal
subgroup of G such that each element of G/N is p-torsion. From this, we can give
another proof of [5, Theorem 5.2].
Remark 5.6. Combining the above theorem with Theorem 1.3, we can generalize a
result of Li [7, Theorem 0.3], which states that an F -split projective variety of odd
characteristic with trivial tangent bundle is an ordinary abelian variety (see also [5,
Theorem 5.2]).
6. Case of curves and surfaces
In this section, we classify all non-abelian smooth projective varieties X of di-
mension at most 2 with the property that KX is pseudo-effective and F∗OX splits
into a direct sum of line bundles.
In the case of curves, we obtain:
Theorem 6.1. Let X be a smooth projective curve. Then X satisfies the following
conditions if and only if X is an ordinary elliptic curve:
• F∗OX is isomorphic to a direct sum of line bundles.
• KX is pseudo-effective.
Proof. By Theorem 1.3, we see that X is F -split and Ω1X is trivial. This is equivalent
to saying that X is an ordinary elliptic curve. 
Next, we consider the case of surfaces. By Theorems 1.2 and 1.3, we see that
such surfaces exist only in characteristic 2 and have trivial tangent bundles. Before
stating the theorem, we recall the construction of an Igusa surface, the first example
of variety with non-reduced Picard scheme [4, 2. The Example]. Let E0 and E1
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be two elliptic curves and a ∈ E0 be a torsion point of order 2. Then, Z/2Z acts
on E0 × E1 by (x, y) 7→ (x + a,−y). The quotient of this action is called an Igusa
surface.
Theorem 6.2. Let X be a non-abelian smooth projective surface. Then X satisfies
the following conditions if and only if X is an F -split Igusa surface:
• F∗OX is isomorphic to a direct sum of line bundles.
• KX is pseudo-effective.
Proof. As mentioned above, TX is trivial, so KX ∼ 0. By Theorem 5.1, there exists
a Galois e´tale cover pi : A → X of degree pm for an m > 0 from an ordinary
abelian variety A. Then, χ(OX) = p−mχ(OA) = 0. By Bombieri and Mumford’s
classification of minimal surfaces of Kodaira dimension zero [2, p.25], we see that
X is either a hyperelliptic surface or a quasi-hyperelliptic surface. Let f : X → C
be the Albanese map of X . We then have nonzero morphism TX → f ∗TC , and it is
obviously surjective. Therefore, f is smooth and X is a hyperelliptic surface. Hence,
we have an elliptic curves E0, E1 and a finite group scheme G acting freely on E0×E1
such that the quotient is isomorphic to X . By the list of order of KX in [2, p.37],
we see that X is of type a). Note that hyperelliptic surfaces of type c) also have
trivial canonical bundles, but they are not F -split, because fibers of the Albanese
maps are supersinguler elliptic curves. Since the base field is of characteristic 2, X
is of type a1) or a3).
We observe the case of a3). In this case, G = (Z/2Z) × µ2. Here, Z/2Z acts as
(x, y) 7→ (x+a,−y) and µ2 acts by translation on both factors. Since µ2 is a normal
subgroup scheme of G, we can take the quotient σ : E0 ×E1 → (E0 ×E1)/µ2 =: A.
Then Z/2Z acts freely on A and A/(Z/2Z) ∼= X . Recall that the quotient map
of Ei for the action of µ2 is the relative Frobenius map FEi/k := (FEi , νi) : Ei →
Ei ×k Spec k1/p, where νi : Ei → Spec k is the structure morphism of Ei. Since the
base field k is algebraically closed, we may identify FEi/k as the absolute Frobenius
map FEi . Hence, we obtain the following diagram:
E0
FE0

E0 ×E1
α

pi1
//
pi0
oo E1
FE1

E0 A
ρ1
//
ρ0
oo E1.
Considering the degrees of morphisms, we see that each square is cartesian. Let Li
be the torsion line bundle of order 2 on Ei. Since ρi is flat, we have
α∗OE0×E1 ∼= ρi
∗FEi∗OEi
∼= ρi
∗(OEi ⊕ Li)
∼= OA ⊕ ρi
∗Li,
so ρ1
∗L1 ∼= ρ0∗L0. Let Mi be a line bundle on Ei such that Mi
2 ∼= Li. Let
M := ρ0∗M0 ⊗ ρ1∗M1. Then
M2 ∼= ρ0
∗M0
2 ⊗ ρ1
∗M1
2 ∼= ρ0
∗L0 ⊗ ρ1
∗L1 ∼= (ρ0
∗L0)
2 ∼= OA.
We denote by σ : A → A the action of Z/2Z on A. Since (−1)E1
∗M1 ∼= M1
−1 ∼=
M1
3 ∼= L1 ⊗M1, we have
σ∗M∼= σ∗ρ0
∗M0 ⊗ σ
∗ρ1
∗M1 ∼= ρ0
∗M0 ⊗ ρ1
∗M1
3 ∼=M⊗ ρ1
∗L1 ≇M,
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which implies thatM is not the pullback of a line bundle on X ∼= A/(Z/2Z). Hence,
by Lemma 5.3, we see that FX∗OX is not a direct sum of line bundles.
We consider the case of a1), or equivalently, the case when X is an Igusa surface.
First, we show that X is F -split. Consider the composite
OX → FX∗OX → OX(6.1)
of the Frobenius map and the canonical dual of the Frobenius map. Since
Hom(OX ,OX) = k, it is enough to show that this composite is nonzero. Taking the
pullback to E0 ×E1 = A, we get
OA → FA∗OA → OA.(6.2)
Since the pullback of ωX is isomorphic to ωA, the second map of (6.2) is isomorphic
to the canonical dual of the Frobenius map on A. In particular, the composite (6.2)
is nonzero, and hence so is (6.1). Second, we show that dimH0(X,Ω1X) = 2. Note
that the action of G on each coordinate is a translation or a multiplication by −1. It
is easy to see that both of the action is trivial on the cotangent bundle. Hence, Ω1X
is trivial, and the assertion holds. Therefore, by Theorem 1.3, we see that FX∗OX
is a direct sum of line bundles, which completes the proof. 
7. Higher-dimensional examples
In this section, we give examples of higher-dimensional non-abelian varieties such
that KX is pseudo-effective and F∗OX splits into a direct sum of line bundles.
The construction of each example is essentially based on the one of Igusa surfaces.
Throughout this section, we assume that the base field is of characteristic 2.
Example 7.1. Let A be an ordinary abelian variety of dimension d ≥ 1. Then
the group A[2] of 2-torsion points in A is isomorphic to (Z/2Z)⊕d. Let {a1, . . . , ad}
be a basis of the F2-vector space A[2]. Let B be an ordinary abelian variety and
ρB : B → B be a homomorphism. Assume that ρB2 = 1B and ρB acts trivially on
H0(B,Ω1B). For instance, if we set ρB := (−1)B, then these assumptions hold. Let
c be an integer with 1 ≤ c ≤ d. We define the action of G := (Z/2Z)⊕c on A×B as
follows. For every g = (g1, . . . , gc) ∈ G,
g · (x, y) := (x+ g1a1 + · · ·+ gcac, ρB
g1+···+gc(y)).
It is easily seen that this action is free, so the quotient X := (A×B)/G is smooth.
By an argument similar to the case of a1) in the proof of Theorem 6.2, we obtain
the following:
• F∗OX is isomorphic to a direct sum of line bundles.
• KX is trivial.
Note that this construction is the same as that of Igusa surfaces in the case when
A and B are elliptic curves and ρB = (−1)B.
The next example is one that has a Galois e´tale cover pi : A → X satisfying the
following conditions:
• A is an abelian variety which is not isomorphic to a nontrivial direct product
of abelian varieties.
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• There is no nontrivial factorization pi : A→ A′
pi′
−→ X with Galois e´tale cover
pi′ : A′ → X from an abelian variety A′.
Example 7.2. Let B and C be simple ordinary abelian varieties. Assume that
dimB ≥ 2. Then the number of torsion points of order 2 in B is 2dimB − 1 ≥ 2. Let
b, b′ ∈ B and c ∈ C be distinct torsion points of order 2. We define the action of
G′ := (Z/2Z)⊕ (Z/2Z) on B × C as
(1, 0) · (x, y) := (x+ b, y + c) and (0, 1) · (x, y) := (x+ b′,−c).
Clearly, this action is free. We set H ′ to be the normal subgroup {(0, 0), (1, 0)} of
G′. Then H ′ acts on B×C by translation, so the quotient A := (B×C)/H ′ is also
an ordinary abelian variety. Note that since the degree of B ×C → A is 2, one can
show that A is not a nontrivial direct product of abelian varieties. Let X := A/G.
Then X also can be written as (B × C)/G′. By an argument similar to the case of
a1) in the proof of Theorem 6.2, we see that
• F∗OX is isomorphic to a direct sum of line bundles, and
• KX is trivial.
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